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Abstract 

A canonical formulation of the = 1 supergravity theory containing the topological Nieh-Yan 
term in its Lagrangian density is developed. The constraints are analysed without choosing any 
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I. INTRODUCTION 



Ashtekar's canonical formulation of gravity in terms of complex Yang-Mills connection 
variables has provided a gauge theoretic interpretation of gravity Subsequently, Barbero 
and Immirzi have reframed this description in terms of real SU{2) variables 2] • These 
variables have been shown to originate from the Hoist Lagrangian density 3|], which is written 
in the first order form with tetrads (e) and spin connections {uj) as independent variables : 
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Here rj, the inverse of the Barbero-Immirzi parameter, is the coefficient of the Hoist term. 
This additional term preserves the classical equations of motion given by the Hilbert-Palatini 
action. Thus rj appears as a free parameter in this framework. Hamiltonian analysis of this 
theory based on the Lagrangian density ([T]) has been presented in ref. j^, 4|. 

When matter is coupled to pure gravity, one needs additional terms apart from the Hoist 
term so that the equations of motion continue to be independent of t]. Actions containing 
such modifications have been found for a few cases, e.g., spin-i fermions and = 1,2,4 
supergravity theories A superspace formalism for A^ = 1 supergravity has been 

presented in j?], which reproduces the result of 6] for this theory. It has also been noted 
in ref. jol] that although these modifications of the Hoist term for different matter couplings 
follow a generic pattern in the sense that they can be written as a total divergence after 
using the connection equation of motion (see |5| also), they are not universal. To emphasise, 
the modified Hoist terms needed to preserve the equations of motion change with the matter 
content of the theory. 

A universal prescription for finding a generalised action leading to a real SU (2) formu- 



lation of gravity with or without matter was proposed in 



This involves a^Lagrangian 
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density containing a topological term in the form of the Nieh-Yan invariant 
the original Hoist term: 
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where 



D,{uj)ei := d.ei + u'ei. (3) 



Iny — e 

Iny is a total divergence, given by: 

Iny = d^ie'^'^'^^eiD^epi) 

Thus it does not affect the classical equations of motion, even when matter is coupled to 
the Lagrangian ([2]). 

The action in ([2]) brings with it the crucial feature that t] can be provided a topological 
interpretation in any theory of gravity with or without matter. This is in contrast to the 
Hoist action where rj is not a coefficient of a topological term. 

The Nieh-Yan term, being a topological density, can be written uniquely in terms of the 
geometric variables (e, u). Thus one does not need to look for a new 'modified Hoist term' 
whenever the matter content changes, unlike the earlier approaches which were matter- 
specific. As an elucidation of this fact, this method has been applied to spin-| fermions in 
ref.ls]. 

Here in this brief report we analyse the case of = 1 supergravity. The canonical 



treatment of this theory has been considered earlier in several contexts [10|, [111] . In ref . ll|] , 
the Hamiltonian analysis of the corresponding Hoist action has been carried out in time 
gauge. Here we consider a Lagrangian density describing the same theory, but containing 
the Nieh-Yan invariant instead of the Hoist term in addition to the usual Hilbert-Palatini 
and spin-i fermionic terms. In the next section, we exhibit the canonical formulation of this 

fin 

action, closely following the analysis as given in [J, l8j. Then we demonstrate that the set of 
constraints in the time gauge leads to a real SU(2) description of this theory in terms of the 
Barbero-Immirzi connection. We also add a few comments on how to recover the correct 
transformation properties of the fields under the action of the symmetry generators. 



II. N=l SUPERGRAVITY 



The Lagrangian density for gravity coupled to spin-| Majorana fermions is given by 



12|: 
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where^ , 

To this we add the Nieh-Yan density, to write: 
This can be recast as: 

where ^f^H := + r/i?^/^M 

The Nieh-Yan density serves as the term through which rj manifests itself as a topological 
parameter in the supergravity action, and does not show up in the classical equations of 
motion. This new Lagrangian density also preserves the supersymmetry properties (on- 
shell) as characterised by (jl]) since I^y is a total derivative. 

Next we develop the analysis in the same manner as done for gravity with spin-| fermions 
in sl. The 3+1 decomposition of ([5]) can be achieved through the following parametrisation 
for the tetrads and their inverses: 



e: 



MiVl = , MjM^ = - 1 

Mi _ ya ^ N'^Mj 



VeN VeN 

Also, we define qat '■= Va^bi and q := detgaf, which leads to e := det{ejj) = Nq. 
Ignoring the total spatial derivatives, the Lagrangian density can be written as: 

where H, Ha, G/j and S are given below in equation ([8]) and 

r = e'^''^^,757c (6) 



^ The Dirac matrices here obey the Chfford algebra: 7'^7'^ + 7'^7'^ = 277-^'^ , rj^"^ := diag(— 1, 1, 1, 1). The 
chiral matrix 75 := i7*'7-'^7^7^ and a^"' := j [7^!7'^]- 
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Here n"' is the canonically conjugate momenta associated with ipa ^. The last equation 
in ([6]) can be inverted as: 

i'a = ^/q T^^lalh (7) 

The action does not contain the velocities associated with the gravity fields N, N"',uJtij 
and the matter field ipt- Hence these are Lagrange multipliers, leading to the primary 
constraints H, Ha, Gjj and S, respectively: 



Gjj = -2Da{uj) (eSSf ") - tf.K/ja + vrV/j^, ^ 



S = D„(^)7r" - !^vr'^7,7,757^t5 ^ (8) 
where ja is defined as : 

7a = = ili-l0Xi)Var (9) 

While H, Ha, Gjj are the constraints for the pure gravity sector, S is the generator of 
the local supersymmetric transformations. 

Following the general framework of ref.j4, 8], we introduce the following set of convenient 
fields, 

:= 2eS*^ , x^ := -MJM' , A\ := - x.^'o!''' ,('■-= ' E^uj^^'^ (10) 

alongwith the decomposition of the nine components of tui''''*"' in terms of three Ci's and six 
Mki's (Mki = Mik) : 

,{v)ij ^ + e'^'^EaiM''^) (11) 



In terms of the fields in (HOl), we have 2eLfj = -E^^Xj] and eT.fjdtUJ^J'^" = E^dtA\ + Cdtx'- 
Note that the eighteen coordinate variables ujI/ have been reexpressed in terms of the twelve 
variables Aai and Xi- The remaining six variables are the M^is, whose velocities do not 
appear in the Lagrangian density. Hence these are the additional Lagrange multiplier fields. 



^ The functional derivative involving the Grassmann variables (fermions) acts on the left factor resulting in 
a sign in the definition of the conjugate momenta in ([5]). 
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Thus the Lagrangian density takes a simple form as follows: 



£ := EtdtA\ + CdtX' + - T^'^d.i^a - NH - N'^H, - - cu'/Gjj - 2S^t 

The fields and are not really independent, these are given in terms of the basic 
fields as: = and = r/ where 



= 'q\/EE\ 
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In the above, fki and N/^i are defined as: 



i + n 
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:= 



U,,Et [(1 + v')EidaE'^ + xA] + V {EtA', - d'^'E^^A^ - xiCk) + {I ^ k) (13) 

- ^){.Mkl - Mramhl) + XmXnMmnhl + XlXkMram " XraiXkMml + XlMmk) 

(14) 



We shall treat and as independent variables and introduce associated Lagrange mul- 
tipliers and 0^ to express the equations in ( fT2l) as constraints. 
Thus we write the full Lagrangian density as, 

1 



(15) 



The constraints in ([8]) can now be rewritten in terms of the canonical fields. These can 
be worked out in an analogous manner as in ref . . Thus the corresponding expressions for 
:= Goi, G™* := h'^^Gjk, Ha, H and S are: 
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The Hamiltonian density now reads: 
n ^ NH + N-^H, + i ujI' Gu + i1{Vl - vi) + 0^(tj - r^) + 2^^'* 



(17) 



(18) 
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The constraints associated with the fields N°- , N , uj^\ , 0^ and ipt respectively are: 

As mentioned earlier, the momenta conjugate to M^i are zero. The preservation of this 
constraint requires: 

-.0. 



which implies: 



« - e''\^t'■)V!, + hi + \nm + (1 + r,^)Jki + ik^l)^0 (19) 



where, fki and N^i are given in (1131 fT4l) . This constraint can be solved for Mki. Next, using 
~ r^, we write 



2fkl + I o 7 I . 

— — 5 \- AJkl + efc/„(-Tboost 
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'-'rot ^ 1 ~ 2 ^ + *-^boost 



(20) 



Using ([20]) in ([19]), we obtain 

2/fc/ + iVfc, + 2(l + r72)J,, ^0 (21) 

Thus the Jki piece captures all the contribution coming from the s^in-| fermions. Note that 
this equation has the same form as the one for spin-^ fermions |8i]. This constraint, from 
( l20ll . further implies: 

t'/ ^ (22) 

This is exactly same as the connection equation of motion which is obtained in the La- 
grangian formulation by varying the standard supergravity action without the Nieh-Yan 
term (see {g], for example). 

Using (l22l) . the final set of constraints read: 

GLost = -da{Et - ve'^'E^Xk) + E^ak]A', + (C - X ■ C 



+ vrVoiV^a + e'^^EaiElTi''{-ij - 7oXi)(7« - 7oX/)(7o - lmXm)i^b 
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and fki , Jki and Mfc^ are given by the (fT3|l . (fT^ . ffTSjl and (12T1) . In writing S", we have made 
use of the Fierz identity- 

e^""^^^7/^.7'V'a = , 
which makes the piece proportional to dissapear. 



Time gauge: 



One may adopt the time gauge through the choice Xi = . Since this condition forms 
a second-class pair with the boost constraint, both have to be implemented together. G\°°'^^ 
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can be solved as: 



We can rewrite this as: 



Q = daEt + -^r'^.Ea^ + -^e'^^r'^^Eak 
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The constraints in this gauge read: 
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In these equations, we have used the following definitions: 

Fab = diaAt] + U'^Aa^A,, , R\, = 9[,r5 - ^e^^-^r„,r,, 

and is given by (l25l) . Also, in the time gauge : 

M,i = {l+^^)[e'^^EldaE]-e'^^E^daE]5ui)E'l + {l + ri^){2Jui-J^rn8ki} 
+ r]E^Aak + {k^l) 



(26) 
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Here in (1261) we have dropped terms proportional to rotation constraints from Ha and H. 

As is evident, the dynamical variable which enters in the constraints apart from the 
fermionic degrees of freedom is the Barbero-Immirzi connection A\. Thus in the time gauge 
we obtain a real SU(2) formulation of the theory of gravity coupled to spin-| fermions. 
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Notice that in the matter sector, vr'^ and ifja are not independent variables. These obey 
the second-class constraints: 

In order to implement these constraints, we need to go to corresponding Dirac brackets for 
the matter fields Tf^jipa- This then leads to the correct transformations (modulo rotations) 
on the fields through their Dirac brackets with the corresponding generators. In particular, 
the Dirac brackets of the fields with the supersymmetry generator S make them transform 
properly under its action. 

III. CONCLUSIONS 

We have presented a framework to incorporate the Barbero-Immirzi parameter as a topo- 
logical coupling constant in the classical theory of = 1 supergravity. This is achieved 
through the inclusion of the Nieh-Yan density in the Lagrangian. This additional term, 
being a topological density, preserves the equations of motion and the supersymmetry of 
the original action. To emphasise, this goes beyond the earlier analysis involving the Hoist 
action which does not allow a topological interpretation for rj. 

The canonical formulation has been first developed without going to any particular choice 
of gauge. This clarifies the structure of the theory exhibiting all of its gauge freedom. In 
the time gauge, the theory is shown to admit a real SU(2) formulation in terms of the 
Barbero-Immirzi connection A^^. 

The essential features for spin-| fermions turn out to be very similar to those for spin-^ 
fermions as described in [^], except that here we have the additional constraint S which acts 
as the generator of local supersymmetry transformations. The cases for N = 2,4 and higher 
supergravity theories can be treated in exactly similar fashion. There the constraint analysis 
leads to the same form of the connection equation of motion as given here (i.e., equation 
(I2T]) ). a fact which is evident from the structure of the fermionic terms in these theories. 
Only the expression for Jki in terms of the matter fields gets modified. 

The analysis here has been purely classical. However, in the quantum theory, the presence 
of the topological Nieh-Yan term, which is also CP violating, may refiect a possible non- 
perturbative vacuum structure. 
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